INTRODUCTION
Two celebrated applications of the character theory of finite groups are Burnside's p ␣ q ␤ -Theorem and the theorem of Frobenius on the groups that bear his name. The elegant proofs of these theorems were obtained at the beginning of this century. It was then a challenge to find character-free proofs of these results. This was achieved for the p ␣ q ␤ -Theorem by w x w x w x Bender 1 , Goldschmidt 3 , and Matsuyama 8 in the early 1970s. Their proofs used ideas developed by Feit and Thompson in their proof of the Odd Order Theorem. There is no known character-free proof of Frobenius' Theorem. w x Recently, Corradi and Horvath 2 have obtained some partial results ińt his direction. The purpose of this note is to prove some stronger results. We hope that this will stimulate more interest in this problem.
Throughout the remainder of this note, we let G be a finite Frobenius group. That is, G contains a subgroup H such that 1 / H / G and
The Frobenius kernel corresponds to the set of fixed-point-free elements together with the identity. Clearly, K is a normal subset of G. Character theory is required to prove the following. 
Ž . iv If K is a subgroup then it is a normal Hall subgroup of G and G s HK.

Ž . v If K is a subgroup and H has odd order then H is soluble.
Ž . Ž . Ž . Proof. Statements i ᎐ iv are well known and easy to prove. For v see w Ž . x 4, Theorem 10.3.1 vi , p. 339 .
LEMMA 2.2. Any of the following imply that K is a normal subgroup of G.
Ž .
i H has e¨en order.
ii H is soluble.
iii K contains a nontri¨ial normal subgroup of G.
Ž . iv K contains a nontri¨ial subgroup of G that is normalized by H.
Ž . w x Ž . Proof. For i see 9, Prop. 8.3, p. 60 . Statement ii is the obvious w x Ž . Ž . transfer argument, see 6, Satz 2.4, p. 417 . Suppose that iii or iv holds.
Ž . Then there exists a subgroup D / 1 such that D : K and H F N D . Now H is a Frobenius complement in HD and the kernel of HD has order < < < < Ž .
Ž . soluble and then the result follows from ii . Otherwise, apply i .
THE PROOF OF THEOREM E
Assume Theorem E to be false. If H has nontrivial intersection with some conjugate of L then replace L by that conjugate
We assert that H has trivial intersection with every conjugate of L.
This proves the assertion. Since H is a normal subset of the Frobenius complement H, we see thatŽ . H has trivial intersection with its conjugates and that N H s H. This, together with the previous assertion and the fact that L has trivial intersection with its conjugates, implies that
Ž .
Ž .
< < < < < < Dividing through by G and using H s H : D , we obtain Ž . N P l K is a normal subgroup of N P .
is a Frobenius group with complement H l L and whose kernel with respect to H
l L is K l L. Proof. Set H s H l L. Then H is a Frobenius complement in L. 0 0 Ž l . Ä 4 Ž g . Ä 4 Let K s L y D H j 1 . Now K s G y D H j 1 so 0 l g L 0 g g G K l L : K . Let x g G be such that H x l L / 1. Now H x l L / L 0 since otherwise H x s H and then L F H, a contradiction. Thus H x l L Ž x . is also a Frobenius complement in L. Theorem E implies that H l L l Ž . l x l x l H l L / 1 for some l g L. Then H l H / 1 so H s H and then x l x H l L s H . In particular, H l K s 1. It follows that K l L s K . 0 0 0 Ž . Ž . COROLLARY3.2 Corradi and Horvath . Any H -subgroup of G iść onjugate to a subgroup of H. Ž . Proof. Let D / 1 be a H -subgroup of G. Using Sylow's Theorem and the fact that H is a Hall subgroup of G we may suppose that < < D l H / 1. Moreover, every element of K has order coprime to H so Ž . D l K s 1. Lemma 2.1 ii implies that Frobenius kernels have cardinality greater than one so using Corollary 3.1 we deduce that D F H.
Ž .
Ž . Proof. We may suppose that N P K and then that N P l H / 1.
Ž . Now apply Corollary 3.1 and Lemma 2.2 iii .
1 ii so what we have just proved implies that K is a transversal to H in G. Thus if x and y are distinct elements of K then xy y1 f H. Since K is a normal subset of G, it follows that xy y1 is not contained in any conjugate of H and then that xy y1 g K. This proves that K is a subgroup.
THE PROOF OF THEOREM A
Throughout this section, we assume the hypothesis of Theorem A. 
Ž .
ii M l K is a subgroup, and
iii F e M and e¨ery -subgroup of M is contained in F.
ᎏ
Proof. Corollary 3.1 implies that M is a Frobenius group with kernel Ž . F. By construction, F is a subgroup so Lemma 2.1 iv implies that F is a Ž . normal Hall -subgroup of M. This proves iii . Suppose that P / 1 is a Ž . Ž . characteristic subgroup of F. Then M F N P . Now N P l K is a Ž . subgroup by Corollary 3.3 so the maximal choice of M forces M s N P .
Ž . This proves ii .
Thompson's Theorem implies that F is nilpotent.
We recall the following extension of Sylow's theorem due to Wielandt. 
Ž .
W1 X has a single conjugacy class of Hall -subgroups.
W2 E¨ery -subgroup of X is contained in a Hall -subgroup of X.
Ž . W3 If P is a -subgroup of X then N P possesses a nilpotent Hall -subgroup. 
Ž . W4 If Y e X and T is a Hall -subgroup of X then T l Y is a
Ž .
We recall also that a group X is -nilpotent if XrO O X is a -group.
Proof. It suffices to show that L is p-nilpotent for all p g . Choose p g .
Syl G , we may replace L by a suitable conjugate to suppose that
Ž . Ä 4 3.3 and also that C P e N by Lemma 2.1 iii . Choose q g y p . Then
.1 i and then the Frattini Argument yields
We may assume that p < < < < P / 1 and we shall proceed by induction on F r P . Replacing L by a Ž . suitable conjugate, we may suppose that P F F. We use J P to denote w x the Thompson subgroup of P as defined in 13 and note that it is a Ž . characteristic subgroup of P. Suppose that P s F. Using Lemma 4.1 ii we Ž . Ž . i N P is a Hall -subgroup of N P , and
We proceed by induction on F : P . If P s F then N P s M Ž . and the result follows. Suppose that P -F. Let Q s N P , so that 
Ž . Since P -Q and since C P : K by Lemma 2.1 iii , we also have
Ž . It follows from 1 and 2 that Ž .
Ž . We chose M such that H l M / 1 so Corollary 3.1 and Lemma 2.1 ii
for all i, whence 
Ž .
< < Ž . Let p be any prime divisor of G : H and choose P g Syl G . Since H is p Ž . a Hall subgroup of G we have P : K and using 4 we also have P F L.
Ž . Thus G s LN P and then
Ž . Ž .
L < < Now G : L / 1 and H is a Hall subgroup of G so it follows that Ž . < < N P K. Theorem A implies that p s 2. We deduce that G : H is a < < < < < < < < < < < < power of two and then that G s H P . Now P : K and G s H K whence P s K. But P is a subgroup, a contradiction.
Ž .
Proof of Corollary C. This follows from Corollary 3.1, Lemma 2.2 ii , and Theorem A.
